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We report in this study the effect of the competition between cubic and uniaxial anisotropies on the 
magnetic properties of magnetic nanoparticles. We have employed Monte Carlo simulations in our 
calculations and we have seen that the observed behavior is very different for the cases where easy 
uniaxial axes are completely random oriented or parallel to an external magnetic ﬁeld. We have also 
calculated the effective energy barrier distribution probed during the isothermal magnetic relaxation and 
a two peak structure is observed only for a random orientation of uniaxial axes.
© 2014 Elsevier B.V. All rights reserved.1. Introduction
The increasing interest in nanosciences is due to two comple-
mentary factors: the development of new techniques and methods 
to fabricate particles on the scale of nanometers [1] and the use of 
nanoparticles in technological applications and biotechnology [2]. 
For magnetic nanoparticles [3] each particle behaves as a single-
domain particle, with a very large magnetic moment, formed by 
hundreds or thousands of individual magnetic moments coupled 
by exchange interactions. The superparamagnetic relaxation time 
of the magnetization of single-domain ferromagnetic nanoparti-
cles due to thermal ﬂuctuations, and their fast response to ap-
plied magnetic ﬁelds, are properties of fundamental importance. 
The initial studies on the magnetization reversal of single-domain 
particles through thermal ﬂuctuations across energy barriers were 
performed by Stoner and Wohlfarth [4], Néel [5], and Brown [6,7]. 
When new single-domain nanoparticles were synthesized, the pre-
dictions of these pioneers were conﬁrmed [8–10].
In this work we investigate the behavior of a set of non-
interacting magnetic nanoparticles as a function of the ratio be-
tween their cubic and uniaxial magnetic anisotropy energy terms. 
The particles sizes are selected from a log-normal distribution, 
and we model their thermal relaxation after an applied saturating 
magnetic ﬁeld is turned off. We show that depending on the ori-
entation of the easy axes of the particles relative to the magnetic 
ﬁeld, either one or two peaks are observed in the energy barrier 
distribution, consistent with recent experimental results. We show 
how the peaks change as a function of the ratio between the cubic 
* Corresponding author.http://dx.doi.org/10.1016/j.physleta.2014.09.028
0375-9601/© 2014 Elsevier B.V. All rights reserved.and uniaxial anisotropies. We also determine the blocking temper-
ature and the hysteresis curves for different ratios.
In a recent work Russier et al. [11] performed Monte Carlo 
simulations on a system of interacting nanoparticles including 
two anisotropy contributions, the cubic and uniaxial anisotropies. 
While the cubic axes of each nanoparticle are randomly dis-
tributed, the uniaxial easy axes on the other hand are either 
randomly distributed independently of the cubic axes or oriented 
along a particular crystallographic orientation of the particle. They 
consider mainly the superparamagnetic regime, where only the 
equilibrium magnetization curves are determined. The effect of cu-
bic component on the magnetization is quite small when the cubic 
axes are randomly distributed in the pure cubic case and when 
the cubic axes are randomly distributed and uncorrelated to the 
uniaxial axes in the case of combined anisotropies. However, this 
behavior changes when the easy axes are oriented along a speci-
ﬁed crystallograﬁc orientation. As we will see next, when the easy 
axes are oriented in a ﬁxed direction we ﬁnd only a single peak in 
the energy barrier distribution.
We would like also to mention the work of Usov and Barandi-
aràn [12], where they establish the conditions under which a sys-
tem of nanoparticles with cubic and uniaxial anisotropies can be 
approximated only by the uniaxial contribution. In their study they 
consider particular hysteresis loops and the magnetic relaxation 
by solving the Landau–Lifshitz–Gilbert equation that describes the 
dynamics of the magnetization vector. They show that the ratio 
between the uniaxial and cubic anisotropies increases with the as-
pect ratio of the nanoparticle.
In the next section, we present the model along with some 
details of our Monte Carlo simulations, and results for the block-
ing temperature and hysteresis curves. In Section 3 we present 
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magnetic relaxation curves as a function of the ratio between the 
cubic and uniaxial anisotropies. Finally, in Section 4, we summarize 
our main conclusions.
2. Model and calculations
We consider a set of N non-interacting single-domain mag-














where Kui = kuV i , and Kci = kcV i are the uniaxial and cubic 
anisotropies of a particle of volume Vi , respectively. In this study 
the anisotropy density constants ku and kc are both assumed to be 
positive and the volume Vi of the ith particle is selected from a 
log-normal size distribution. The magnetic moment of the ith par-
ticle is written as μi = μi Si , where Si is a unit vector, | Si| = 1, and 
μi = msV i , where ms is the particle magnetization. In the above 
equation the vectors e ji ( j = 1, 2, 3) are unit vectors parallel to 
the cubic axes of the ith particle, and we have chosen the direc-
tion of the uniaxial axis along the same direction as one of the 
cubic axes, that is, e1i . In this work we use reduced temperature 
and magnetic ﬁeld variables. The reduced temperature is deﬁned 
by t = kB T /kuV i , where Vi is the mean value of the volume dis-
tribution, kB is the Boltzmann constant, and the reduced magnetic 
ﬁeld is deﬁned by h = Hms/ku . Then temperature T and magnetic 
ﬁeld H are given in units of kuV i/kB and ku/ms , respectively. The 
effective anisotropy density constants can be expressed in terms 
of properties of the nanoparticle, as its lattice structure, shape and 
size, the ferromagnetic exchange coupling between spins inside the 
nanoparticle and on-site core and surface anisotropies [14]. Be-
fore we discuss the relaxation processes for this system we present 
some calculations regarding the blocking temperature and hystere-
sis curves as a function of the parameter kuc = kc/ku . We deter-
mine the blocking temperature of the system using Monte Carlo 
simulations [15]. We employed Metropolis algorithm, and one MCs
corresponds to N trials to change the state of the magnetic mo-
ments of the particles [16]. Due to the thermal ﬂuctuations and 
random direction of the anisotropy axes, we have taken N = 104
independent nanoparticles to calculate the average magnetization 
of the system. The blocking temperature is determined from the 
maximum observed in the Zero-Field-Cooled magnetization curve 
(ZFC) as a function of temperature. The initial conﬁguration is cho-
sen in such way that each unit vector Si is parallel to one of 
the e ji , chosen at random, which gives an initial magnetization 
close to zero for each sample at very low temperatures, and a 
small magnetic ﬁeld, for which Hms/ku = 0.1, is applied along a 
ﬁxed direction in space. Then, increasing the temperature, some 
magnetic moments become unblocked and a net magnetization is 
observed in the direction of the ﬁeld. This net magnetization in-
creases up to a maximum value, which is deﬁned as the blocking 
temperature Tb of the system. For temperatures larger than Tb the 
magnetization decreases and the particle exhibits a superparam-
agnetic behavior. For each value of temperature we consider 104
Monte Carlo steps (MCs) to allow the system to reach a stationary 
state. After this transient time, 104 MCs, we record the component 
of the magnetic moment of each particle along the magnetic ﬁeld 
direction over 103 time steps, each 100 MCs, which is a time in-
terval larger than the correlation time in the simulations. We have 
considered 50 values of temperature, separated by T = 0.005 up 
to a maximum temperature T = 0.30 for each ZFC curve. We plot 
in Fig. 1 the blocking temperature Tb as a function of the rela-
tive anisotropy parameter kuc = kc/ku . For a given measurement 
time, the blocking temperature increases with the height of the Fig. 1. Blocking temperature Tb versus the ratio of the cubic and uniaxial 
anisotropies, kuc . The blocking temperature is measured in units of ku V i/kB and 
it is determined from the maximum of ZFC curves. The line is a guide to the eye.
energy barrier. Then, as the blocking temperature increases with 
the relative anisotropy parameter kuc this appears as an increase 
in height of the effective energy barrier. The effective energy bar-
rier increases with the magnitude of the cubic anisotropy. The 
error bars in our calculations are the sum of three independent 
contributions. The ﬁrst one is due to thermal ﬂuctuations of the 
magnetization of each sample taken over the Monte Carlo steps of 
the simulation, and the second one is due to the ﬂuctuations in 
the mean magnetization of the set of N sample realizations, which 
takes into account the random direction of the easy axes. However, 
the largest contribution to the error comes from locating the tem-
perature that gives the maximum magnetization in the ZFC curve 
for each value of kuc , which strongly depends on the temperature 
interval T used.
We consider now the hysteresis curves for the model. Two dif-
ferent cases are studied, where the uniaxial axes of the particles 
are respectively aligned with the ﬁeld or non-aligned. When the 
uniaxial axes of all particles are aligned with the ﬁeld, the mag-
netic ﬁeld in the Zeeman contribution 
∑N
i=1 H . μi term is written 
as H = He1i , where the unit vectors e1i are all parallel. In the non-
aligned situation the easy axes are randomly oriented relative to 
the ﬁeld direction. Initially, we apply a strong magnetic ﬁeld so 
that all the magnetic moments become aligned with the ﬁeld di-
rection. Then we start to reduce the magnetic ﬁeld in steps of 
H = 0.2, where the magnetic ﬁeld is given in units of ku/ms . 
For each change in the ﬁeld we wait 5 × 103 MCs for the system 
to reach the steady-state situation. After this transient time, we 
record the component of the magnetic moment along the direction 
of the magnetic ﬁeld over 103 time steps, each of 100 MCs. Then 
we perform the average over the N samples of the system. Fig. 2
exhibits a typical hysteresis loop for temperature T = 0.05, well 
below the blocking temperature of the system, and for kuc = 2. 
In this case the error bars are less than the size of the symbols, 
crosses represent the aligned system, while the squares are the re-
sults for the non-aligned system. We clearly see that the hysteresis 
loop for the aligned system has a much higher coercivity than the 
non-aligned one. This fact is also observed for other temperatures 
below the blocking one, and for other values of the ratio between 
the cubic and uniaxial anisotropies. For instance, Fig. 3(a) shows 
the coercive ﬁelds for aligned and non-aligned uniaxial axes as a 
function of the parameter kuc , the ratio of the cubic and uniax-
ial anisotropies, for the temperature T = 0.05. The ratio between 
the coercive ﬁelds with aligned and non-aligned axes increases 
with kuc over a wide range of values. In Fig. 3(b), we plot the re-
manent magnetization for aligned and non-aligned uniaxial axes 
versus kuc , for the same temperature T = 0.05. In this case the re-
manent magnetization for the aligned situation is already close to 
the saturation value even in the absence of cubic anisotropy. The 
3368 M.J. Correia et al. / Physics Letters A 378 (2014) 3366–3371Fig. 2. Hysteresis curves for temperature T = 0.05 and kuc = 2. Crosses represent the 
case where the easy axes are aligned to the ﬁeld, while the squares are for random 
uniaxial axes, i.e. the non-aligned case. The error bars are less than the size of the 
points. The lines are guides to the eyes.
remanent magnetization for the unaligned sample increases from 
just below the value of 0.5 expected for randomly oriented par-
ticles with uniaxial anisotropy in the absence of thermal effects 
towards the value of 0.83 expected for randomly oriented parti-
cles with cubic anisotropy. As in this work we consider only the 
case of uniaxial easy axis parallel to one of the cubic easy direc-
tions, these two anisotropies compete in a constructive way, which 
explains the increase of the blocking temperature and of the coer-
cive ﬁeld as a function of kuc . We recall that in the work of Russier 
et al. [11] the cubic axes are randomly distributed and the uniax-
ial axes are either randomly distributed and uncorrelated with the 
cubic ones or are set along ﬁxed crystallographic directions of the 
nanoparticles, i.e. ﬁxed in the local reference frame deﬁned by the 
nanoparticle cubic axes.
3. Magnetic relaxation
In this section we investigate the relaxation processes in the 
system that occur when a saturating magnetic ﬁeld applied to the 
system is turned off. We again consider two different cases, one 
where the uniaxial axis of each particle is aligned with the ﬁeld 
and another, where the axes are randomly oriented in the three-
dimensional space. From measurements of the relaxation magne-
tization as a function of time and temperature it is possible to 
extract information about the energy barriers of the system as a 
function of the uniaxial and cubic anisotropy contributions. The 
basic formalism was presented for more than sixty years ago [17], 
and was applied with success to non-interacting systems [18], as well as to a system of magnetic nanoparticles interacting through 
long-range dipolar interactions on a one-dimensional chain [19].
Consider a system of single domain nanoparticles for which the 
energy barriers depend on the magnetic anisotropies and on the 
volume of the particles, and are described by a normalized distri-
bution function f (E), where 
∫∞
0 f (E) dE = 1. The magnetization 
of a set of single domain magnetic nanoparticles decays accord-
ing to the relaxation law m(t) = m0
∫∞
0 e
−t/τ (E) f (E) dE . Due to 
thermal ﬂuctuations, particles can change the direction of their 
magnetic moments, overcoming the energy barriers, given by the 
distribution function f (E). The relaxation time τ (E) [5], which 
is the average time to reverse a particle’s magnetization over an 
energy barrier of height E , is given by τ (E) = τ0eE/kB T , where 
τ0 is the mean time spent in each attempt to overcome the en-
ergy barrier. It is possible to show that m(t) ≈ m0
∫∞
Ec(t)
f (E) dE , 
that is, the magnetization decays in time according to the scal-
ing variable Ec(t) = kB T ln(t/τ0). Measurements of the magnetiza-
tion as a function of temperature at a ﬁxed time are equivalent 
to measuring the magnetization as a function of ln(t) for a ﬁxed 
temperature. The validity of this scaling relation is restricted to 
the cases for which the thermal energy kB T is very small com-
pared with the width of the energy barrier distribution function 
f (E). From the above expression for the magnetization, the energy 
barrier distribution function can be determined by the expression 
f (E) = −d(m/m0)/d(Ec(t)).
We present our results for the relaxation of samples with 
aligned and non-aligned uniaxial axes. We start our simulations 
at t = 0, with all the samples having m = ms , after the applica-
tion of a saturating magnetic ﬁeld. Then, the ﬁeld is turned off, 
the magnetization relaxes, and we measure the magnetization as 
a function of time for a ﬁxed value of temperature. For the relax-
ation process we take 2 × 105 MCs for each value of temperature.
We repeat the simulation for different temperatures, from the 
initial temperature T = 0.05 to the ﬁnal temperature T = 0.305, 
in steps of T = 0.01. When the anisotropy axes are randomly 
oriented, just after the ﬁeld is turned off an ultrafast relaxation 
occurs [20], as the magnetization changes from parallel to the ﬁeld 
to parallel to an easy axis. When the easy axes are oriented in the 
direction of the ﬁeld at t = 0, there is no ultrafast relaxation and 
the initial magnetization is m0. This is related to the fact that in 
this case no particle presenting a vanishing energy barrier can be 
found in this particular case, that is, f (Ec = 0) = 0.
In Figs. 4(a) and 4(b) we show the results for the magnetiza-
tion m and energy barrier distribution function f (E) as a function 
of the variable Ec(t) for the aligned and non-aligned cases, re-
spectively, for samples with uniaxial anisotropy, ku = 1 and kc = 0. 
We plot in the inset of Fig. 4(a) the particles volume distribution, 
which is determined from a log-normal distribution with mean Fig. 3. (a) Coercive ﬁelds versus kuc . (b) Remanent magnetization versus kuc . Both ﬁgures for T = 0.05; crosses (aligned uniaxial axes) and squares (non-aligned uniaxial 
axes). The lines are guides to the eyes.
M.J. Correia et al. / Physics Letters A 378 (2014) 3366–3371 3369Fig. 4. Magnetization (continuous line, vertical scale at left), and energy barrier distribution function (dashed line, vertical scale at right) as a function of Ec(t, T ) = kB T ∗
ln(t/τ0) for pure uniaxial anisotropy, ku = 1 and kc = 0, (a) and (b), and pure cubic anisotropy, ku = 0 and kc = 1, (c) and (d). Figures (a) and (c) are for aligned samples, 
while (b) and (d) are for non-aligned samples. In the inset of (a) we plot the corresponding particles volume distribution.volume equal to 1 and width σ = 0.5. As to be expected, the 
energy barrier distribution and the particles volume distribution 
are very similar. We ﬁrst recorded the magnetization as a func-
tion of time for each value of temperature, and then plotted the 
magnetization as a function of the rescaled variable Ec(t, T ). The 
energy barrier distribution, which is plotted on the right vertical 
scale, presents a single broad peak, whether or not the easy axes 
are aligned to the ﬁeld. If we increase the uniaxial anisotropy the 
peaks remain at the same position because temperature is mea-
sured in units of kuV i/kB , however they become higher.
Figs. 4(c) and 4(d) show further plots for the magnetization 
m and energy barrier distribution function f (E) as a function of 
the variable Ec(t, T ) for samples with easy axes aligned and non-
aligned with the ﬁeld, respectively. Here we only consider cubic 
anisotropy, i.e. ku = 0 and kc = 1, and the temperature is now mea-
sured in units of the mean kcV i/kB . The peak of the energy barrier 
distribution for the pure cubic anisotropies appear for small val-
ues of Ec(t, T ) and are narrower than those observed for the pure 
uniaxial case. However, the peaks of the energy barrier distribu-
tions are now higher and appear for smaller values of Ec(t, T ). 
Otherwise, they are narrower than those seen for the pure uniax-
ial systems.
We note that the peak of f (Ec) in the pure cubic case is located 
approximately to one third of the position of the corresponding 
pure uniaxial case, which is in qualitative agreement with the re-
sults of Russier et al. [11]. The most interesting case appears when 
we have a competition between these two types of anisotropy. 
Fig. 5 shows the energy barrier distributions in the case where 
the uniaxial axes of nanoparticles are randomly oriented. We ob-
serve the presence of two peaks, one high and narrow peak at 
low energies, and the other at higher energies, which is lower and 
very broad. If we increase the ratio between the cubic and uniaxial 
anisotropies, the broad peak at higher energies disappears for val-ues of kuc = kc/ku larger than 3. Although we do not show here, 
in the case of samples with axes aligned to the ﬁeld, we observe 
only a broad single peak. When the nanoparticles are randomly 
oriented, we have a high proportion of low-energy barriers just at 
the start of an isothermal magnetic relaxation measurement. How-
ever, when they are aligned to the ﬁeld the low-energy barriers 
decrease drastically, which is responsible for the disappearance of 
the ﬁrst peak of f (Ec).
Thermal relaxation data for magnetoferritin and magnetofer-
ritin doped with a small amount of Co were recently reported 
by Okuda et al. [21]. They found two peaks in the effective en-
ergy barrier distribution for the Co-doped magnetoferritin, which 
we can explain as being due to the competition between uniax-
ial and cubic anisotropies, when the uniaxial axes are randomly 
aligned. Although the authors of [21] did not report values for kc
and ku , micromagnetic calculations showed that both cubic and 
uniaxial anisotropy energy terms are required to ﬁt hysteresis data 
for a 2.5% cobalt-doped magnetoferritin, with the magnitude of 
the cubic term being approximately twice that of the uniaxial, 
and the easy axes of the cubic and uniaxial anisotropies for a 
given particle being randomly oriented with respect to each other. 
Detailed thermal relaxation measurements [22] at zero ﬁeld of 
a 2.5% cobalt-doped magnetoferritin sample were performed for 
aligned and random uniaxial axes at temperatures between 2 and 
140 K. The magnetic energy barrier distribution function exhibits 
two peaks for the randomly oriented sample, one at low energies, 
and the other at higher energies, which is in complete agreement 
with the results exhibited in Fig. 5(b). Finally, we show in Fig. 6, 
the evolution of the peak observed at low energies, which is due 
to the contribution of the cubic anisotropy, as a function of the rel-
ative anisotropy parameter kuc . The peak moves to the right in the 
direction of high energies, while its intensity decreases. Around the 
value kuc = 3, the broad energy peak associated with the uniaxial 
3370 M.J. Correia et al. / Physics Letters A 378 (2014) 3366–3371Fig. 5. Magnetization (continuous line, vertical scale at left), and energy barrier distribution function (dashed line, vertical scale at right) as a function of Ec(t, T ) = kB T ∗
ln(t/τ0) for non-aligned samples. We have (a) kuc = 1.75, (b) kuc = 2.0, (c) kuc = 2.90 and (d) kuc = 4.0.
Fig. 6. (a) Position of the low energy peak, X , measured in units of kB T ∗ ln(t/τ0), as a function of the relative anisotropy kuc; (b) Amplitude of the low energy peak, Y , 
measured in units of −d(m/m0)/d(Ec(t)) versus the relative anisotropy kuc . The samples have random uniaxial axes, and for these plots, ku = 1.anisotropy is incorporated into the low energy peak characteristic 
of the cubic anisotropy.
4. Conclusions
Thermal relaxation of the magnetization of a system of nanopar-
ticles with competing cubic and uniaxial anisotropies is inves-
tigated through Monte Carlo simulations. We have shown that 
for systems exhibiting only uniaxial anisotropy the energy bar-
rier distribution exhibits only a single peak, both for axes parallel 
and non-aligned to the magnetic ﬁeld direction. The peaks are 
broad and move to higher energy values as we increase the mag-
nitude of the uniaxial anisotropy. On the other hand, when the 
anisotropy of the system is purely cubic, the energy barrier distri-bution also exhibits a single peak, but this appears only at small 
energy values, and is narrower and higher than in the uniaxial 
case. However, when both types of anisotropy are simultaneously 
present, we observe a distinct behavior. When the uniaxial axes 
of the nanoparticles are aligned to the ﬁeld we continue to ob-
serve a single broad peak, while in the case of randomly oriented 
uniaxial axes two peaks appear, one high and narrow at low ener-
gies, and the other a broad one at higher energies, which is low. 
We have seen that above a given value of the ratio between cubic 
and uniaxial anisotropies, the broad energy peak associated with 
the uniaxial anisotropy is incorporated into the low energy peak 
characteristic of the cubic anisotropy. This scenario persists for val-
ues of the ratio between cubic and uniaxial anisotropy smaller 
than 3.
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